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Abstract  

We study the implication of the most recent cosmological upper bound on the sum of three neutrino masses, on the 

validity of the golden ratio (GR) neutrino mixings defined at high energy seesaw scale, considering the possibility for 

generating low energy values of neutrino oscillation parameters through radiative corrections in the minimal 

supersymmetric standard model (MSSM). The present study is consistent with the most stringent and latest Planck 

data on cosmological upper bound, ∑|mi|<0.12 eV. For the radiative generation of sinθ13 from an exact form of golden 

ratio (GR) neutrino mixing matrix defined at high seesaw energy scale, we take opposite CP parity mass eigenvalues 

(m1, - m2, m3) with a non-zero real value of m3, and a larger value of tanβ>60 in order to include large effects of radiative 

corrections in the calculation. The present analysis including the CP violating Dirac phase and SUSY threshold 

corrections, shows the validity of golden ratio neutrino mixings defined at high seesaw energy scale in the normal 

hierarchical (NH) model. The numerical analysis with the variation of four parameters viz. MR, ms tanβ and ⴄ̅
𝑏
 shows 

that the best result for the validity is obtained at MR=1015 GeV, ms=1TeV, tanβ= 68 and  ⴄ̅
𝑏
=0.01. However, the 

analysis based on inverted hierarchical (IH) model does not conform with this latest Planck data on cosmological 

bound but it still conforms with earlier Planck cosmological upper bound ∑|mi|<0.23 eV, thus indicating possible 

preference of NH over IH models. 

 

Keywords:  Radiative corrections, supersymmetric standard model, renormalisation group equations, golden ratio 

neutrino mixing.  

Introduction 

The values of neutrino oscillation parameters have 

been continuously updated with the advancement in 

the technology of neutrino oscillation experiments 

[1,2,3] and these updated experimental data are also 

required to compare with the theoretically predicted 

values. The latest Planck data on the cosmological 

upper bound on the sum of the three absolute mass 

eigenvalues given by ∑|mi|<0.12 eV [4], may be 

seriously considered while comparing with other 

neutrino oscillation parameters although there are also 

a lot of constraints associated with such cosmological 

probe[5]. The theoretical predictions of these neutrino 

oscillation parameters are in general defined at very 

high energy seesaw scale, and the experimental data on 

the other hand are defined at low energy scale of the 

order of 102 GeV. In order to make a bridge between 

these two energy scales, we need a set of 

renormalisation group equations (RGEs) for quantum 

radiative corrections [6,7]. We can use two different 

approaches for running the RGEs from high-energy 

scale to low-energy scale. In the first approach, the 

running of RGEs is carried out through the neutrino 

mass matrix mLL as a whole, and at every energy scale 

one can extract neutrino masses and mixing angles 

through the diagonalisation of the neutrino mass matrix 

calculated at that particular energy scale 

[8,9,10,11,12]. In the second approach, the running of 

RGEs can be carried out directly in terms of neutrino 

mass eigenvalues and three mixing angles with phases 

[13,14,15]. In both cases, the RGEs of all the neutrino 

parameters and the RGEs of various coupling constants 

are solved simultaneously and both approaches give 

almost consistent results[6]. For the present analysis, 

we shall use second approach which is more 

convenient to handle in the numerical analysis of 

RGEs of neutrino oscillation parameters. 

 

 

Various discrete symmetry groups like S4, A4, A5 etc. 

which are defined at very high energy scale, can lead 

to various leptonic mixing matrices such as bi-maximal 

(BM), tri-bimaximal (TBM) and Golden ratio 

(GR)[16]. All these specific leptonic mixing matrices 

have their own respective leptonic mixing angles, and 

two of the mixing angles (θ23 and θ12) are in good 

agreement with the respective non-zero neutrino 

mixing angles at low energy scale. In all the above 

three leptonic mixing matrices, the three leptonic 

neutrino mixing angles are defined at very high energy 

scale, with reactor neutrino mixing angle (θ13) equals 

to zero. The radiative magnification of reactor neutrino 

mixing angle (θ13) is studied with various leptonic 

mixing matrices such as BM, TBM and GR [17,18]. 
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 GR neutrino mixing pattern has certain advantages 

over the other two neutrino mixing patterns BM and 

TBM in the evolution of mixing angles under radiative 

corrections as solar mixing angle (θ12) is always found 

to increase with decrease in energy scale. The 

generation of right order non-zero value of reactor 

neutrino mixing angle (θ13) at low energy scale, 

consistent with the latest cosmological upper bound on 

the sum of three absolute neutrino mass eigenvalues, 

∑|mi|<0.12 eV, is mainly addressed in the present 

study. Two cases of neutrino mass hierarchical models 

namely normal hierarchy (NH) and inverted hierarchy 

(IH) are considered when we take input mass 

eigenvalues in the RGEs at very high energy seesaw 

scale. 

  

 A brief description of an exact form of golden ratio 

mixing matrix (UGR) is given by [19], 
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where ф has following properties: 

ф = ф2-1=1+
1
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=
1+√5
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≈ 1.62          

and       

1

ф2
=
1−

1

√5

1+
1

√5

≈ 0.382  

 It also predicts sinθ13=0, sinθ23 =
1

√2
 and leading to: 

Θ12 = tan-1(
1

ф
) = 31.720 

and golden ratio is sometimes enforced by A5[20]. 
The UGR is a special case for the μ-τ symmetric mass 

matrix, 

𝑀𝜈 = (
𝐷 𝐴 ∓𝐴
𝐴 𝐵 𝐶
∓𝐴 𝐶 𝐵

) 

where 𝑡𝑎𝑛𝜃12 =
2√2𝐴

𝐵∓𝐶−𝐷
 

For case 𝐵 ∓ 𝐶 − 𝐷 = 𝐴, the mixing matrix goes to the 

tri-bimaximal mixing matrix (UTBM) with 

tan2θ12=2√2, and for case, 𝐵 ∓ 𝐶 − 𝐷 = √2𝐴 the 

mixing matrix goes to UGR with tan2θ12=2[21,22]. 

When D=0, the structure of the mass matrix predicts 

tan2θ12=
𝑚1

𝑚2
 and m1 and m2 are two neutrino mass 

eigenvalues. To check the validity of GR neutrino 

mixings at high energy scale, we consider a large value 

of tanβ>60 in order to include large effects of radiative 

corrections in the calculation of neutrino masses, 

mixing angles and to satisfy the latest cosmological 

upper bound ∑|mi|<0.12 eV [23,24] in both normal and 

inverted hierarchical mass models. 

 

The paper is organised as follows. In section 2, we 

briefly outline the main points on renormalisation 

group analysis for neutrino oscillation parameters with 

phases. In section 3, we present numerical analysis of 

RGEs for GR neutrino mixing matrix. In section 4, we 

give results and discussion. In section 5, we give 

summary and conclusion. 

 

2. Renormalisation group analysis for neutrino 

oscillation parameters with phases 

 

We briefly present the main formalism for the 

evolution of neutrino oscillation parameters [25,26,27] 

from high energy seesaw scale to low energy scale 

through the RGEs with CP violating phase in the 

MSSM, including appropriate SUSY threshold 

corrections. The neutrino masses can be described by 

lowest-dimensional neutrino mass operator compatible 

with the gauge symmetries of the SM. This operator 

reads in the SM [15] 

        ℒ𝐾
𝑆𝑀 = −

1

4
𝐾𝑔𝑓𝑙𝐿𝑐

𝐶𝑔̅̅ ̅̅ 𝜀𝑐𝑑ф𝑑𝑙𝐿𝑏
𝑓
𝜀𝑏𝑎ф𝑎 + ℎ. 𝑐.,  (2) 

 

and in its minimal supersymmetric extension, the 

MSSM 

 

 ℒ𝐾
𝑀𝑆𝑆𝑀 = −

1

4
𝐾𝑔𝑓𝕝𝑔

𝑐𝜀𝑐𝑑𝕙𝑑
(2)
𝕝𝑏
𝑓
𝜀𝑏𝑎𝕙𝑎

(2)
+ ℎ. 𝑐.,       (3) 

 

where 𝑙𝐿
𝐶 is the charge conjugate of a lepton doublet. 𝜀 

is the totally antisymmetric tensor in 2 dimensions, and 

a, b, c, d ∈{1,2} are 𝑆𝑈(2)𝐿  indices. The double-

stroke letters 𝕝 and 𝕙 denote lepton doublets and the 

up-type Higgs superfield in the MSSM. The 

coefficients Kgf are of mass dimension -1 and related 

to the Majorana neutrino mass matrix as 𝑀𝜈 = 𝐾 <
𝐻 >2, where <H>=174 GeV is the vacuum expectation 

value of Higgs field (v0). 

 

The most plausible explanation for neutrino mass is 

given by see-saw mechanism [28]. 

The neutrino mass matrix 𝑚𝐿𝐿(𝑡) which is generally 

obtained from see-saw mechanism, is expressible in 

terms of K(t), the coefficient of the dimension five 

neutrino mass operator in the scale-dependent manner, 

𝑡 = ln (𝜇/1𝐺𝑒𝑉), 
                   𝑚𝐿𝐿(𝑡) = 𝑣𝑢

2(𝑡)𝐾(𝑡);            (4) 

 

where the vacuum expectation value (VEV) is 𝑣𝑢 =
𝑣0𝑠𝑖𝑛𝛽 and 𝑣0=174 GeV in the minimal 

supersymmetric standard model (MSSM). After 

diagonalization of K(t), the above eq.(4) can be written 

in terms of mass eigenvalues as follows [13] 

 

             𝑚𝑖(𝑡) = 𝑣𝑢
2(𝑡)𝐾𝑖(𝑡);   𝑖 = 1,2,3.     (5) 

 

This expression can be simplified as 
𝑑

𝑑𝑡
𝑚𝑖(𝑡) = 𝑚𝑖(𝑡) (

1

𝐾𝑖(𝑡)

𝑑

𝑑𝑡
𝐾𝑖(𝑡) +

2

𝑣𝑢(𝑡)

𝑑

𝑑𝑡
𝑣𝑢(𝑡)) (6) 
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Now, considering the phases in neutrino mixing 

matrix, we parameterize the Pontecorvo-Maki-

Nakagawa-Sakata (PMNS) matrix as, 

 

𝑈𝑃𝑀𝑁𝑆 =

(

𝑐13𝑐12 𝑐13𝑠12 𝑠13𝑒
−𝑖𝛿

−𝑐23𝑠12 − 𝑐12𝑠13𝑠23𝑒
−𝑖𝛿 𝑐12𝑐23 − 𝑠12𝑠13𝑠23𝑒

−𝑖𝛿 𝑐13𝑠23
𝑠12𝑠23 − 𝑐12𝑠13𝑐23𝑒

−𝑖𝛿 −𝑐12𝑠23 − 𝑐23𝑠13𝑠12𝑒
−𝑖𝛿 𝑐13𝑐23

) ×

(
𝑒𝑖𝛼1 0 0
0 𝑒𝑖𝛼1 0
0 0 1

)                         (7) 

 

where 𝑠𝑖𝑗 = 𝑠𝑖𝑛𝜃𝑖𝑗 , 𝑐𝑖𝑗 = 𝑐𝑜𝑠, ẟ= Dirac phase, 

𝛼1=first Majorana phase, 𝛼2=second Majorana phase. 

Here, the three mixing angles are defined as 𝑡𝑎𝑛𝜃12 =
|𝑈𝑒2|

|𝑈𝑒1|
, 𝑡𝑎𝑛𝜃23 =

|𝑈𝜇3|

|𝑈𝜏3|
 and 𝑠𝑖𝑛𝜃13 = |𝑈𝑒3|. 

 

The RGEs for 𝐾𝑖(𝑡) and 𝑣𝑢(𝑡) in the basis where 

charged lepton mass matrix is diagonal, for one-loop 

order in MSSM, in the energy range from 𝑀𝑅 to 𝑀𝑆𝑈𝑆𝑌, 

are given by [9,29,30] 

 

 
1

𝐾𝑖(𝑡)

𝑑

𝑑𝑡
𝐾𝑖(𝑡) =

1

16𝜋2
∑ [−

6

5
𝑔1
2 − 6𝑔2

2 + 6ℎ𝑡
2

𝑓=𝑒,𝜇,𝜏

+ 2ℎ𝑓
2𝑈𝑓𝑖

2 ] 

(8) 

and 

 
1

𝑣𝑢(𝑡)

𝑑

𝑑𝑡
𝑣𝑢(𝑡) =

1

16𝜋2
[
3

20
𝑔1
2 +

3

4
𝑔2
2 − 3ℎ𝑡

2] 

(9) 

 

The RGEs for 𝐾𝑖 and 𝑣0 in the basis where the charged 

lepton mass matrix is diagonal, for one-loop order in 

SM, in the energy range from 𝑀𝑆𝑈𝑆𝑌 to 𝑀𝑍, are given 

by [9, 29,30] 

  
1

𝐾𝑖(𝑡)

𝑑

𝑑𝑡
𝐾𝑖(𝑡) =

1

16𝜋2
∑ [−3𝑔2

2 + 2𝜆 + 6ℎ𝑡
2

𝑓=𝑒,𝜇,𝜏

+ ℎ𝜏
2 + ℎ𝑓

2𝑈𝑓𝑖
2 ] 

(10) 

and 

 
1

𝑣0(𝑡)

𝑑

𝑑𝑡
𝑣0(𝑡) =

1

16𝜋2
[
9

20
𝑔1
2 +

9

4
𝑔2
2 − 3ℎ𝑡

2 − 3ℎ𝑏
2

− ℎ𝜏
2] 

(11) 

 

where 𝑔1,   𝑔2 are gauge couplings, and ℎ𝑡,  ℎ𝑏 , ℎ𝜏 

and   𝜆 are top-quark, bottom -quark,  tau -lepton 

Yukawa couplings and SM quartic Higgs coupling 

respectively. As VEV can affect mass terms in the 

RGEs, we have two possible set of RGEs of neutrino 

masses where one is scale-dependent VEV and other is 

scale-independent VEV. The RGEs of neutrino mass 

eigenvalues for both scale dependent VEV and scale 

independent VEV can be written as [31,15] 

 
𝑑

𝑑𝑡
𝑚𝑖 = −2𝐹𝜏(𝑃𝑖 + 𝑄𝑖)𝑚𝑖 − 𝐹𝑢𝑚𝑖,  (i=1,2,3). 

 

(12) 

 

where,  

 

𝑃1 = 𝑠12
2 𝑠23

2 , 𝑃2 = 𝑐12
2 𝑠23

2 , 𝑃1 = 𝑐13
2 𝑐23

2  

 

𝑄1 = −
1

2
𝑠13𝑠𝑖𝑛2𝜃12𝑠𝑖𝑛2𝜃23𝑐𝑜𝑠𝛿 + 𝑠13

2 𝑐12
2 𝑐23

2 , 

𝑄2 =
1

2
𝑠13𝑠𝑖𝑛2𝜃12𝑠𝑖𝑛2𝜃23𝑐𝑜𝑠𝛿 + 𝑠13

2 𝑠12
2 𝑐23

2 , 

𝑄3 = 0. 
 

For scale-dependent VEV in the case of MSSM with 

𝜇 ≥ 𝑚𝑠, 
 

𝐹𝜏 = −
ℎ𝜏
2

16𝜋2 cos2𝛽
, 𝐹𝑢 =

1

16𝜋2
(
9

10
𝑔1
2 +

9

2
𝑔2
2) 

 

but, for SM case with 𝜇 ≤ 𝑚𝑠, 
 

𝐹𝜏 = −
3ℎ𝜏
2

32𝜋2
, 𝐹𝑢 =

1

16𝜋2
(−

9

10
𝑔1
2 −

3

2
𝑔2
2 + 6ℎ𝑏

2 − 2𝜆) 

 

For scale-independent VEV in the case of MSSM with 

𝜇 ≥ 𝑚𝑠, 
 

𝐹𝜏 = −
ℎ𝜏
2

16𝜋2 cos2𝛽
, 𝐹𝑢 =

1

16𝜋2
(
6

5
𝑔1
2 + 6𝑔1

2 − 6
ℎ𝑡
2

𝑠𝑖𝑛𝛽2
) 

 

but, for SM case with 𝜇 ≤ 𝑚𝑠, 
 

𝐹𝜏 = −
3ℎ𝜏
2

32𝜋2
, 𝐹𝑢 =

1

16𝜋2
(3𝑔2

2 − 2𝜆 − 6ℎ𝑡
2). 

 

 For the present analysis, we adopt usual sign 

convention |𝑚2| > |𝑚1| and we shall use RGEs of 

scale dependent VEV, which are different from RGEs 

of scale independent VEV in the expression of 𝐹𝑢 

involved in the equations. The general case of fermion 

masses which decrease with the increase in energy 

scale is consistent with that of neutrino masses in the 

running of RGEs with VEV [6,32]. The RGEs of gauge 

and Yukawa couplings with and without SUSY, are 

given in Appendix-A. The corresponding RGEs for 

three mixing angles and three phases are given in 

Appendix-B. 

 

3. Numerical analysis of RGEs for GR neutrino 

mixing matrix 

 

For a complete numerical analysis of the RGEs given 

in the above section, we follow here two consecutive 
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steps: (i) bottom-up running [11] in the first step and 

then (ii) top-down running [12] in the next step. 

 

 In the first step (i), the running of the RGEs for the 

third family Yukawa couplings (ℎ𝑡, ℎ𝑏, ℎ𝜏) and three 

gauge couplings (𝑔1, 𝑔2, 𝑔3)is carried out from top 

quark mass scale,𝑡0 = ln (𝑚𝑡/1𝐺𝑒𝑉) at low energy 

end to high energy scale MR via SUSY breaking scale 

ms where ( mt<ms<MR ). 

 

 At the transition point from SM to MSSM, the 

appropriate matching conditions without threshold 

corrections are given as follows [33], 

 

                  𝑔𝑖 (𝑆𝑈𝑆𝑌) = 𝑔𝑖(𝑆𝑀)          (13) 

       ℎ𝑡(𝑆𝑈𝑆𝑌) =
ℎ𝑡(𝑆𝑀)

𝑠𝑖𝑛𝛽
           (14) 

                  ℎ𝑏(𝑆𝑈𝑆𝑌) =
ℎ𝑏(𝑆𝑀)

𝑐𝑜𝑠𝛽
           (15) 

                 ℎ𝜏(𝑆𝑈𝑆𝑌) =
ℎ𝜏(𝑆𝑀)

𝑐𝑜𝑠𝛽
            (16)         

 

where tanβ=
𝑉𝑢

𝑉𝑑
 such that 𝑣𝑢 = 𝑣0𝑠𝑖𝑛𝛽, 𝑣𝑑 = 𝑣0𝑐𝑜𝑠𝛽 

and 𝑣0 = 174 GeV is the VEV of the Higgs field [34]. 

 

For large value of tanβ, there should be SUSY 

threshold corrections which would lead to the 

modification of down-type quark and charged-lepton 

Yukawa coupling constants at the matching condition 

of SUSY breaking scale ms as follows [35,17,36], 

 

                            ℎ𝑡(𝑆𝑈𝑆𝑌) ≈
ℎ𝑡(𝑆𝑀)

𝑠𝑖𝑛𝛽̅
         (17) 

                  ℎ𝑏(𝑆𝑈𝑆𝑌) ≈ (
1

1+ⴄ𝑏̅̅̅̅
)
ℎ𝑏(𝑆𝑀)

𝑐𝑜𝑠𝛽̅
         (18) 

                      ℎ𝜏(𝑆𝑈𝑆𝑌) ≈
ℎ𝜏(𝑆𝑀)

𝑐𝑜𝑠𝛽̅
            (19)       

 

where ⴄ
𝑏
̅̅ ̅ is a free parameter that describes the SUSY 

threshold corrections, cos𝛽̅ = (1 + ⴄ
𝑙
′) cosβ in the 

redefinition of 𝛽 → 𝛽̅ andmis a leptonic SUSY  ⴄ
𝑙
′ 

threshold correction parameter which is typically very 

small. Neglecting the effect of the leptonic threshold 

correction parameters in our parametrisation, it would 

simply mean that tan𝛽̅ =tan 𝛽. 

 

The latest experimental input values for physical 

fermion masses, gauge couplings and Weinberg 

mixing angle at electroweak scale MZ[37] are given in 

Table 1. 

 

Mass in GeV Coupling 

constant 

Weinberg 

mixing angle 

mz(mZ)=91.1

876 

mt(mt)=172.7

6 

mb(mb)=4.18 

𝛼𝑒𝑚
−1 (mZ)=127.

952 

𝛼𝑠(𝑚𝑧)=0.117

9 

sin2θW(mZ)=0.23

121 

mτ(mτ)=1.776

8 

 

  

Table 1: Low energy experimental values of fermion 

masses, gauge coupling constants and Weinberg 

mixing angle. 

 

The three gauge couplings, 𝛼1(𝑚𝑍) = 0.016943, 

𝛼2(𝑚𝑍) = 0.033802 and 𝛼3(𝑚𝑍) = 0.1179 at low 

energy scale 𝑚𝑍, are calculated by using latest PDG 

data given in Table 1, and SM matching relations 

 

     
1

𝛼𝑒𝑚(𝑚𝑍)
=
3

5

1

𝛼1(𝑚𝑍)
+

1

𝛼2(𝑚𝑍)
;          (20) 

 

sin2 𝜃𝑤 (𝑚𝑍) =
𝛼𝑒𝑚(𝑚𝑍)

𝛼2(𝑚𝑧)
.               (21) 

 

 In terms of the normalized coupling constant (𝑔𝑖), 𝛼𝑖 

can be expressed as 𝑔𝑖 = √4𝜋𝛼𝑖, where i=1,2,3 and it 

represents electromagnetic, weak and strong coupling 

constants respectively. We adopt the standard 

procedure to get the values of gauge couplings at top-

quark mass scale from the experimental measurements 

at 𝑚𝑍, using one-loop RGEs for simplicity, assuming 

the existence of one-light Higgs doublet and five quark 

lavours below   𝑚𝑡 scale [11,32].  

  

 The evolution equation of gauge coupling constants of 

one loop for energy range 𝑚𝑧 ≤ 𝜇 ≤ 𝑚𝑡 in SM is 

given by 
1

𝛼𝑖(𝜇)
=

1

𝛼𝑖(𝑚𝑍)
−
𝑏𝑖
2𝜋
𝑙𝑛 (

𝜇

𝑚𝑍
) 

  where  

       𝑏𝑖 = (
53

10
, −

1

2
, −4.0  ) 

  

  Similarly, the Yukawa couplings are also evaluated at 

top-quark mass scale using QCD-QED rescaling 

factors (ⴄ
𝑖
)in the standard fashion [32], which are 

given by following relations. 

 

           ℎ𝑡(𝑚𝑡) =
𝑚𝑡(𝑚𝑡)

𝑣0
          (23) 

           ℎ𝑏(𝑚𝑡) =
𝑚𝑏(𝑚𝑏)

𝑣0ⴄ𝑏
           (24) 

 

            ℎ𝑏(𝑚𝑡) =
𝑚𝑏(𝑚𝑏)

𝑣0ⴄ𝑏
         (25) 

 

The value of QCD-QED rescaling factors (ⴄ
𝑖
) and 

vacuum expectation 𝑣0 of Higgs field are given by 

ⴄ
𝑏
= 1.53, 

ⴄ
𝜏
= 1.015  and    𝑣0 = 174GeV respectively [38.39]. 

 

In the second step (ii), the runnings of three neutrino 

mass eigenvalues (𝑚1  ,𝑚2, 𝑚3 ),three neutrino 

mixing angles (𝑠23, 𝑠13, 𝑠12) and three phases(ẟ,𝛼1, 𝛼2) 
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are carried out, together with the running of gauge and 

Yukuwa couplings, from high energy seesaw scale 

t𝑅 = ln (
𝑀𝑅

1GeV
) to low energy scale 𝑡0 = 𝑙𝑛(

𝑚𝑡

1𝐺𝑒𝑉
)via 

SUSY breaking scale 𝑡𝑠 (=
𝑚𝑠

1𝐺𝑒𝑉
). In this case, we use 

the values of gauge and Yukawa couplings evaluated 

earlier at the scale 𝑡𝑅 from the first stage running of 

RGEs in (i). In principle, one can evaluate neutrino 

masses, mixing angles and phases [40] at every point 

in the energy scale.  

 

The present numerical analysis has six unknown 

arbitrary input values at high energy seesaw scale 

consisting of three neutrino masses and three phases. 

These input values would be suitably chosen so that we 

can get the desired low energy values of neutrino 

parameters and latest Planck cosmological upper 

bound on the sum of three neutrino masses. When we 

choose a set of mass eigenvalues, there are two 

possible cases of mass hierarchy, namely (i) normal 

hierarchy (𝑚3 ≫ 𝑚2 > 𝑚1) and (ii) inverted 

hierarchy (𝑚2 > 𝑚1 ≫ 𝑚3) as we generally set to 

|𝑚2| > |𝑚1. The three neutrino mixing angles 

(𝑠23, 𝑠13,𝑠12) used at high energy seesaw scale (𝑀𝑅), 

are given by the golden ratio mixing matrix, which are 

constant input values in all different high energy 

scales, while the three neutrino mass eigenvalues  

(𝑚1,𝑚2,𝑚3) and phases (ẟ,𝛼1, 𝛼2) are suitably chosen 

input values which may give the desired values of 

neutrino oscillation parameters 

(𝑠23, 𝑠13, 𝑠12, 𝑚1,𝑚2,𝑚3, 𝛿, 𝛼1, 𝛼2) at low energy scale 

after taking radiative corrections. The main concern in 

our work is to satisfy the latest upper cosmological 

bound on the sum of absolute neutrino masses, 

∑|mi|<0.12 eV [23,24] with the generation of reactor 

angle, |Ue3| at low energy scale. 

 

 

  

                  (a) 

 
                  (b) 

 
                                     (c) 

 
                  (d) 

 

Figure 1: Graphical presentation of the results given in 

Tables 3-6. (a) Case-I: Variation of ∑|mi|[eV] with ⴄ
𝑏
̅̅ ̅ 

for 𝑀𝑅 = 10
15𝐺𝑒𝑉, 𝑡𝑎𝑛𝛽 = 68, 𝑚𝑠 = 1𝑇𝑒𝑉, (b) 

Case-II: Variation of ∑|mi|[eV] with 𝑀𝑅 for ⴄ
𝑏
̅̅ ̅ =
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0.01, 𝑡𝑎𝑛𝛽 = 68,𝑚𝑠 = 1𝑇𝑒𝑉, (c)Case-III: Variation 

of ∑|mi|[eV] with 𝑡𝑎𝑛𝛽  for ⴄ
𝑏
̅̅ ̅ = 0.01, 𝑀𝑅 =

1015𝐺𝑒𝑉, 𝑚𝑠 = 1𝑇𝑒𝑉, (d) Case-IV: Variation of 

∑|mi|[eV] with 𝑚𝑠 for ⴄ
𝑏
̅̅ ̅ = 0.01, 𝑡𝑎𝑛𝛽 = 68, 𝑀𝑅 =

1015𝐺𝑒𝑉. 

 

4. Numerical results and discussion 

 

For top-down running of RGEs from high to low 

energy scale, Table 2 represents the high scale input 

parameters of gauge and Yukawa coupling constants 

which are already evaluated in the bottom-up 

approach, for running the neutrino oscillation 

parameters. In the numerical analysis of neutrino 

oscillation parameters along with phases including 

SUSY threshold corrections, there are four free 

parameters namely, MR, tanβ, ⴄ
𝑏
̅̅ ̅ and ms which may 

affect the values of coupling constants.  While taking a 

set of coupling constants at high energy scale (MR), 

four possible cases are considered, where three of the 

four parameters are set to be fixed while other one is 

taken as variable. The values of the parameters are 

suitably chosen within the certain limit of ranges for 

checking the data of the output results for all cases. In 

addition to a particular set of coupling constants at high 

energy scale, we have nine neutrino oscillation 

parameters namely, three mass eigenvalues (m1, -m2 

m3), three neutrino mixing angles (θ12, θ13, θ23) and 

three phases (ẟ, α1, α2). The negative sign in mass 

eigenvalues are possible due to the absorption of two 

Majorana phases in the mass eigenvalues as 

diag(m1exp(i𝛼1̅̅ ̅) m2exp(i𝛼2̅̅ ̅), m3) where we consider 

𝛼1̅̅ ̅ = 𝛼1 and 𝛼2̅̅ ̅ = 𝛼2+𝜋. The negative sign in the mass 

eigenvalues may help to prevent from the possible 

singularity that may arise in the evolution of RGEs 

which has such (mi-mj) term in the denominator. Since 

we are considering GR neutrino mixing matrix, the 

three neutrino mixing angles at the high energy scale, 

are given by s23=0.70710, s13=0 and s12=0.52573 

respectively, and these input values are the same in all 

cases. Since the reactor mixing angle (θ13) is exactly 

zero, we take it to have an extremely small non-zero 

value which would be able to solve the asymptotic 

function in the RGEs of Dirac phase. Now, the 

unknown arbitrary input values at high energy scale, 

are reduced to only six parameters i.e., three mass 

eigenvalues and three phases. These six arbitrary input 

values defined at high energy scale, should be suitably 

chosen so that the output results are compatible with 

the low energy experimental neutrino oscillation 

data[3,41],including latest cosmological upper bound.  

 

(𝑎)𝐶𝑎𝑠𝑒 
−𝐼 

ⴄ
𝑏
̅̅ ̅

= 0.01 

ⴄ
𝑏
̅̅ ̅

= 0.2 

ⴄ
𝑏
̅̅ ̅= 

0.4 

ⴄ
𝑏
̅̅ ̅

= 0.6 

𝑔1 0.6686 0.6703

1 

0.67068 0.67085 

𝑔2 0.7 0.7026

4 

0.70325 0.70354 

𝑔3 0.72562 0.7272

2 

0.72761 0.72779 

ℎ𝑡 0.96331 0.7512

9 

0.70179 0.67866 

ℎ𝑏 2.12322 0.652 0.445 0.34961 

ℎ𝜏 2.63357 1.0920

2 

0.91413 0.84265 

𝜆 0.49032 0.4903

2 

0.49032 0.49032 

(𝑏)𝐶𝑎𝑠𝑒
− 𝐼𝐼 

𝑀𝑅
= 1012 

GeV 

𝑀𝑅
= 1013 
GeV 

𝑀𝑅
= 1014 
GeV 

𝑀𝑅
= 1015 
GeV 

𝑔1 0.59652 0.6180

5 

0.64197 0.6686 

𝑔2 0.68535 0.6903

6 

0.69532 0.7 

𝑔3 0.78147 0.7615

8 

0.74305 0.72562 

ℎ𝑡 0.8677 0.8839

9 

0.9115 0.96331 

ℎ𝑏 1.19924 1.3355

7 

1.57371 2.12322 

ℎ𝜏 1.26012 1.4580

2 

1.80121 2.63357 

𝜆 0.49032 0.4903

2 

0.49032 0.49032 

(𝑐)𝐶𝑎𝑠𝑒
− 𝐼𝐼𝐼 

𝑡𝑎𝑛𝛽
= 38 

𝑡𝑎𝑛𝛽
= 48 

𝑡𝑎𝑛𝛽
= 58 

𝑡𝑎𝑛𝛽
= 68 

𝑔1 0.67149 0.6712 0.67066 0.6686 

𝑔2 0.70408 0.7036

5 

0.70286 0.7 

𝑔3 0.72792 0.7276

7 

0.72722 0.72562 

ℎ𝑡 0.66369 0.6943

4 

0.75274 0.96331 

ℎ𝑏 0.26635 0.3916

8 

0.62803 2.12322 

ℎ𝜏 0.32940

0 

0.4799

5 

0.75944 2.63357 

𝜆 0.49032 0.4903

2 

0.49032 0.49032 

(𝑑)𝐶𝑎𝑠𝑒
− 𝐼𝑉 

𝑚𝑠
= 1𝑇𝑒𝑉 

𝑚𝑠
= 5𝑇𝑒𝑉 

𝑚𝑠
= 10𝑇𝑒𝑉 

𝑚𝑠
= 14𝑇𝑒𝑉 

𝑔1 0.6686 0.6619

4 

0.65883 0.65749 

𝑔2 0.7 0.6867

9 

0.68089 0.67839 

𝑔3 0.72562 0.7103

0 

0.70373 0.70097 

ℎ𝑡 0.96331 0.7924

2 

0.75688 0.74448 

ℎ𝑏 2.12322 1.1248

4 

0.99582 0.95473 

ℎ𝜏 2.63357 1.4690

5 

1.32587 1.28061 

𝜆 0.49032 0.4749

3 

0.46891 0.46747 
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Table 2: High energy scale input values of gauge 

coupling (𝑔1, 𝑔2, 𝑔3), Yukawa coupling (ℎ𝑡, ℎ𝑏, ℎ𝜏),  
and quartic coupling (𝜆) constants at various SUSY 

threshold free parameter(ⴄ
𝑏
̅̅ ̅)((a)Case-I), high energy 

seesaw scale (MR) ((b) Case-II), SUSY matching 

condition parameter (tanβ) ((c) Case-III) and SUSY 

breaking scale (ms)((d) Case-IV) for four possible 

cases. 

 

 

Parameter ⴄ
𝑏
̅̅ ̅

= 0.01 

ⴄ
𝑏
̅̅ ̅

= 0.2 

ⴄ
𝑏
̅̅ ̅

= 0.4 

ⴄ
𝑏
̅̅ ̅

= 0.6 

𝑚1
0[eV] 0.0226

9 

0.0475

2 

0.0675

2 

0.0908

2 

𝑚2
0[𝑒𝑉] -

0.0258

0 

-

0.0493

0 

-

0.0688

2 

-

0.0917

7 

𝑚3
0[eV] 0.0488

1 

0.0618

1 

0.0778

1 

0.0982

1 

𝑠23
0  0.7071

0 

0.7071

0 

0.7071

0 

0.7071

0 

𝑠13
0  0.0001 0.0001 0.0001 0.0001 

𝑠12
0  0.5257

3 

0.5257

3 

0.5257

3 

0.5257

3 

ẟ0[/0] 
 

175 175 175 175 

𝛼1
0[/0] 2 2 2 2 

𝛼2
0[/0] 0.5 0.5 0.5 0.5 

∆𝑚21
2 [10−5 
𝑒𝑉2 

 

 

15.08 17.23 17.72 17.34 

∆𝑚31
2 [10−3 
𝑒𝑉2 

 

1.86 1.56 1.49 1.39 

∆|𝑚𝑖|[𝑒𝑉] 0.0973 0.1586

3 

0.2141

5 

0.2808 

     

𝑚1[𝑒𝑉] 0.0303

8 

0.0676

4 

0.0974

9 

0.1321

0 

𝑚2[𝑒𝑉] -

0.0315

8 

-

0.0682

0 

-

0.0978

8 

-

0.1323

9 

𝑚3[eV] 0.0579

8 

0.0843

2 

0.1098

1 

0.1410

8 

𝑠23 0.7894

6 

0.7719

7 

0.7696

0 

0.7681

7 

𝑠13 0.1428

9 

0.1485

7 

0.1475

5 

0.1453

0 

𝑠12 0.5357

6 

0.5492

6 

0.5559

7 

0.5541

6 

𝛿[/0] 201.19 213.25 216.8 214.85 

𝛼1[/
0] 

 

 

12.5 21.35 24.29 23.59 

𝛼2[/
0] 4.61 8.23 9.51 9.2 

∆𝑚21
2 [10−5 
𝑒𝑉2] 

7.46 7.59 7.52 7.6 

∆𝑚31
2 [10−2 
𝑒𝑉2 

 

2.43 2.53 2.55 2.45 

∑|𝑚𝑖|[𝑒𝑉] 0.1199

4 

0.2201

6 

0.3051

8 

0.4055

7 

 

Table 3: (a) Case-I: Effect of variations with SUSY 

threshold parameter ⴄ
𝑏
̅̅ ̅ on radiative generation of low 

energy neutrino parameters in MSSM while running 

from MR =1015 GeV to low scale mt=172.76 GeV 

through ms = 1TeV for a particular value of tanβ=68. 

Only case for ⴄ
𝑏
̅̅ ̅=0.01 is allowed. 

 

Parameter 𝑀𝑅
= 1012 
GeV 

𝑀𝑅
= 1013 
GeV 

𝑀𝑅
= 1014 
GeV 

𝑀𝑅
= 1015 
GeV 

𝑚1
0[eV] 0.0423

5 

0.0360

5 

0.0298

5 

0.0226

9 

𝑚2
0[𝑒𝑉] -

0.0443

6 

-

0.0385

4 

-

0.0325

4 

-

0.0258

0 

𝑚3
0[𝑒𝑉] 0.0611

2 

0.0565

2 

0.0525

2 

0.0488

1 

𝑠23
0  0.7071

0 

0.7071

0 

0.7071

0 

0.7071

0 

𝑠13
0  0.0001 0.0001 0.0001 0.0001 

𝑠12
0  0.5257

3 

0.5257

3 

0.5257

3 

0.5257

3 

𝛿0[/0] 175 175 175 175 

𝛼1
0[/0] 2 2 2 2 

𝛼2
0[/0] 0.5 0.5 0.5 0.5 

∆𝑚21
2 [10−5 
𝑒𝑉2] 

19.92 18.57 16.78 15.08 

∆𝑚31
2 [10−3 
𝑒𝑉2 
] 

1.94 1.89 1.86 1.86 

∑|𝑚𝑖|[𝑒𝑉] 0.1481

1 

0.1311

1 

0.1149

1 

0.0973

0 

     

𝑚1 0.0534

3 

0.0466

7 

0.0395

1 

0.0303

8 

𝑚2 -

0.0541

4 

-

0.0475

0 

-

0.0404

3 

-

0.0315

8 

𝑚3 0.0727

6 

0.0681

3 

0.0635

7 

0.0579

8 

𝑠23
0  0.7723

1 

0.7753

2 

0.7800

7 

0.7894

6 

𝑠13
0  0.1432

0 

0.1441

1 

0.1445

0 

0.1428

9 

𝑠12
0  0.5410

4 

0.5393

2 

0.5392

3 

0.5357

6 

𝛿[/0] 208.72 206.89 206.6 201.19 

𝛼1[/
0] 17.11 15.96 15.66 12.5 
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𝛼2[/
0] 6.45 5.98 5.87 4.61 

∆𝑚21
2 [10−5 
𝑒𝑉2 

 

 

7.59 

7.74 7.28 7.46 

∆𝑚31
2 [10−3] 
𝑒𝑉2 

 

2.43 2.46 2.47 2.43 

∑|𝑚𝑖| 0.1803

3 

0.1623

0 

0.1435

1 

0.1199

4 

 

Table 4: (b) Case-II: Effect of variation with high 

energy seesaw scale MR on radiative generation of low 

energy neutrino parameters in MSSM while running 

from high MR scale to low scale mt=172.76 GeV for a 

particular values of tanβ=68,   ⴄ
𝑏
̅̅ ̅=0.01   and ms=1TeV. 

Only case for MR=1015GeV is allowed. 

 

Parameter 𝑡𝑎𝑛𝛽
= 68 

𝑡𝑎𝑛𝛽
= 58 

𝑡𝑎𝑛𝛽
= 48 

𝑡𝑎𝑛𝛽
= 38 

𝑚1
0[𝑒𝑉] 0.0226

9 

0.0475

2 

0.0675

2 

0.0908

2 

𝑚2
0[𝑒𝑉] -

0.0258

0 

-

0.0493

0 

-

0.0688

2 

-

0.0917

7 

𝑚3
0[𝑒𝑉] 0.0488

1 

0.0618

1 

0.0778

1 

0.0982

1 

𝑠23
0  0.7071

0 

0.7071

0 

0.7071

0 

0.7071

0 

𝑠13
0  0.0001 0.0001 0.0001 0.0001 

𝑠12
0  0.5257

3 

0.5257

3 

0.5257

3 

0.5257

3 

𝛿0[/0] 175 175 175 175 

𝛼1
0[/0] 2 2 2 2 

𝛼2
0[/0] 0.5 0.5 0.5 0.5 

∆𝑚21
2 [10−5 

]𝑒𝑉2 
 

15.08 17.23 17.72 17.34 

∆𝑚31
2 [10−3 
𝑒𝑉2 

 

 

 

1.56 1.49 1.39 

∑|𝑚𝑖| 0.0973 0.1586

3 

0.2141

5 

0.2808 

     

𝑚1 0.0303

8 

0.0676

4 

0.0974

9 

0.1321

0 

𝑚2 -

0.0315

8 

-

0.0682

0 

-

0.0978

8 

-

0.1323

9 

𝑚3 0.0579

8 

0.0843

2 

0.1098

1 

0.1410

8 

𝑠23 0.7894

6 

0.7719

7 

0.7696

0 

0.7681

7 

𝑠13 0.1428

9 

0.1485

7 

0.1475

5 

0.1453

0 

𝑠12 0.5357

6 

0.5492

6 

0.5559

7 

0.5541

6 

𝛿[/0] 201.19 213.25 216.8 214.85 

𝛼1[/
0] 12.5 21.35 24.29 23.59 

𝛼2[/
0] 4.61 8.23 9.51 9.2 

∆𝑚21
2 [10−5 
𝑒𝑉2 

 

 

 

7.59 7.52 7.63 

∆𝑚31
2 [10−3 
𝑒𝑉2 

 

2.43 2.53 2.55 2.45 

∑|𝑚𝑖| 0.1199

4 

0.2201

6 

0.3051

8 

0.4055

7 

 

Table 5: (c) Case-III: Effect of variation with the 

values of tanβ on radiative generation of low energy 

neutrino parameters in MSSM while running from high 

scale (MR) to low scale mt=172.76 GeV for a particular 

value of ms=1TeV and  ⴄ
𝑏
̅̅ ̅=0.01. Only case for 

tanβ=68 is allowed. 

 

Parameter 𝑚𝑠
= 1𝑇𝑒𝑉 

 

𝑚𝑠 
=5Tev 

𝑚𝑠 = 

10TeV 

𝑚𝑠 
=14Te

V 

𝑚1
0[𝑒𝑉] 0.0226

9 

0.03018 0.0319

4 

0.0330

4 

𝑚2
0[𝑒𝑉] -

0.0258

0 

-

0.03277

1 

-

0.0343

6 

-

0.0354

6 

𝑚3
0[𝑒𝑉] 0.0488

1 

0.05131 0.0522

2 

0.0532

2 

𝑠23
0  0.7071

0 

0.70710 0.7071

0 

0.7071

0 

𝑠13
0  0.0001 0.0001 0.0001 0.0001 

𝑠12
0  0.5257

3 

0.52573 0.5257

3 

0.5257

3 

𝛿0[/0] 175 175 175 175 

𝛼1
0[/0] 2 2 2 2 

𝛼2
0[/0] 0.5 0.5 0.5 0.5 

∆𝑚21
0 [10−5 
] 
𝑒𝑉2 

 

15.08 15.91 16.04 16.57 

∆𝑚31
0 [10−3] 
𝑒𝑉2 

 

1.86 1.72 1.70 1.74 

∑|𝑚𝑖| 0.0973 0.1142 0.1185

2 

0.1217

2 

     

𝑚1 0.0303

8 

0.04109 0.0434

6 

0.0449

2 

𝑚2 -

0.0315

8 

-

0.04199 

-

0.0443 

- 

0.0457

6 

𝑚3 0.0579

8 

0.06424 0.0657

5 

0.0671

1 

𝑠23 0.7894

6 

0.77816 0.7763

9 

0.7760

0 

𝑠13 0.1428

9 

0.14360 0.1430

8 

0.1434

7 
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𝑠12 0.5357

6 

0.53853 0.5394

9 

0.5396

4 

𝛿[/0] 201.19 204.94 205.84 205.92 

𝛼1[/
0] 12.5 15.29 15.99 16.11 

𝛼2[/
0] 4.61 5.71 6 6.04 

∆𝑚21
2 [10−5 
𝑒𝑉2 

 

7.46 7.48 7.35 7.58 

∆𝑚31
2 [10−3] 
𝑒𝑉2 

 

2.43 2.43 2.43 2.48 

∑|𝑚𝑖| 0.1199

4 

0.14732 0.1535

1 

0.1577

9 

 

 

Table 6: (d) Case-IV: Effect of the variation with 

SUSY breaking scale 

 

(ms) on radiative generation of low energy neutrino 

parameters in MSSM while running from MR=1015 

GeV to low scale mt=172.76 GeV for a particular value 

of tanβ=68 and  ⴄ
𝑏
̅̅ ̅=0.01. Only case for ms=1TeV is 

allowed. 

 

We have considered both normal and inverted 

hierarchical mass models for the numerical analysis. In 

the case of normal hierarchical mass model, all the low 

energy neutrino parameters are found to lie within 3σ 

range of NuFIT data [3] with ∑|mi|<0.12 eV as shown 

in Tables 3-6. We also check the case of inverted 

hierarchical mass model which fails to give the low 

energy neutrino oscillation parameters and ∑|mi|<0.12 

eV within the experimental bounds. We also study the 

radiative generation of Ue3 with initial conditions, 

∆𝑚21
2 = 0 at high energy scale, and a non-zero value 

of m3, but it fails to give low energy experimental 

values of neutrino oscillation parameters. These results 

are not presented in the present work. We observe that 

in both cases of normal and inverted hierarchical 

models, all neutrino mass eigenvalues are slightly 

increased in magnitude with the decrease in energy 

scale, whereas the atmospheric mixing angle (s23) and 

solar mixing angle (s12) are slightly deviated from the 

mixing angles at high energy seesaw scale i.e. θ23 >450 

for NH and θ23 <450 for IH. 

 

 

Our detailed numerical analysis shows that a larger 

value of tanβ>60 and high energy scale (MR) are 

preferred in order to satisfy the latest cosmological 

upper bound on the sum of three absolute neutrino 

mass eigenvalues, ∑|mi|<0.12eV. This result requires 

an additional SUSY threshold free parameter ⴄ
𝑏
̅̅ ̅ in the 

range from -0.6 to +0.6 [35,17] arising from the 

threshold corrections of heavy SUSY particles 

[42,43,44,45]. It is found that all the neutrino 

oscillation parameters are consistent with low energy 

experimental data for ⴄ
𝑏
̅̅ ̅ =0.01 at high scale MR=1015 

GeV, large value of tanβ=68, and ms =1TeV. It is also 

observed that the negative values of  ⴄ
𝑏
̅̅ ̅ for the larger 

values of tanβ, are not feasible in calculating the values 

of coupling constants at high energy scale in the 

normal hierarchical model. As a result, we discard the 

negative values of ⴄ
𝑏
̅̅ ̅ in our numerical analysis. 

   

 The four possible ways of numerical analysis for 

∑|mi|<0.12 eV based on high energy scale (MR), tanβ, 

SUSY breaking scale (ms) and SUSY threshold 

parameter (ⴄ
𝑏
̅̅ ̅), are studied as follows: 

  

(a) Case-I: Taking fixed input values MR=1015 GeV, 

tanβ=68,ms=1TeV,  we vary with ⴄ
𝑏
̅̅ ̅ =0.01,0.2,0.4,0.6 

and this case is allowed only when ⴄ
𝑏
̅̅ ̅=0.01. Results 

are presented in Table 3 and Fig.1(a).  

  

(b) Case-I: Taking fixed values tanβ=68, 

ms=1TeV, ⴄ
𝑏
̅̅ ̅=0.01, we vary with MR =1012GeV, 

1013GeV, 1014GeV, 1015GeV and this case is allowed 

only when MR=1015GeV. Results are presented in 

Table 4 and Fig.1(b). 

   

(c) Case-III: Taking fixed values MR=1015GeV, 

ms=1TeV, ⴄ
𝑏
̅̅ ̅=0.01, we vary with tanβ=38,48,58,68 

and this case is allowed only when tanβ=68. Results 

are presented in Table 5 and Fig.1(c). 

    

(d) Case-IV: Taking fixed values 

MR=1015GeV,tanβ=68, ⴄ
𝑏
̅̅ ̅=0.01, we vary with ms 

=1TeV, 5TeV, 10TeV, 14TeV and this case is allowed 

only when ms=1TeV. Results are presented in Table 6 

and Fig.1(d). 

     

The required values of coupling constants for various 

cases are given in Table 2. The main numerical results 

of our analysis on neutrino oscillation parameters with 

three phases and SUSY threshold corrections, are 

given in Tables 3-6. The numerical values in the upper 

halves of the tables represent the high energy scale 

input values of neutrino oscillation parameters and the 

numerical values in the lower halves of the Tables 3-6 

represent the neutrino oscillation parameters at low 

energy scale. From numerical analysis of Table 3, it 

indicates that a small value of ⴄ
𝑏̅
 can accommodate the 

latest cosmological upper bound on the sum of three 

absolute neutrino mass eigenvalues ∑|mi|<0.12eV and 

hence, this particular value of ⴄ
𝑏̅
 =0.01 is fixed for the 

remaining three possible ways. From the numerical 

analysis of Tables 4-6, we also observe that the 

cosmological upper bound on the sum of three absolute 

neutrino mass eigenvalues ∑|mi|<0.12 eV and the 

desired values of neutrino oscillation parameters at low 

energy scale can be achieved for the cases at MR=1015 

GeV,tanβ=68, ⴄ
𝑏̅
=0.01 and ms=1TeV in the variation 
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of these parameters. It is also observed that the input 

values of CP violating Dirac phase and two Majorana 

phases at high energy scale, have significant effects in 

the evolution of neutrino mixing angles at low energy 

scale. The best suitable high energy input values for 

these phase parameters are respectively found to be ẟ0, 

α1 =20 and α2 =0.50 for all possible cases in our analysis. 

The variation of ∑|mi| with ⴄ
𝑏̅
, MR, tanβ and ms for (a) 

Case-I, (b) Case-II, (c) Case-III and (d) Case-IV are 

respectively shown in Fig: 1(a, b, c and d). We have 

also extended our analysis for other cases, where we 

fix MR=1015GeV, tanβ=68, ms=5 TeV, 10 TeV and 14 

TeV respectively with various values of ⴄ
𝑏
̅̅ ̅ =0.01,0.2, 

0.4,0.6. The variations of ∑|mi| with ⴄ
𝑏̅
  for each case 

is shown in Fig.2. Only case with ms=1TeV falls within 

the acceptable region but all cases with higher ms are 

also acceptable if ∑|mi|<0.23 eV [46]. Hence, the case 

for inverted hierarchical model is not presented in this 

work as it fails to give latest Planck cosmological 

bound on the sum of three absolute neutrino mass 

eigenvalues, ∑|mi|<0.12 eV.  

    

 
Figure 2: Graphical presentation for variations of the 

sum of three absolute neutrino mass eigenvalues 

(∑|mi|[eV]) with the various values of SUSY threshold 

parameter (ⴄ
𝑏
̅̅ ̅=0.01, 0.2, 0.4, 0.6) for different cases of 

SUSY breaking scale 𝑚𝑠 = 1𝑇𝑒𝑉, 5𝑇𝑒𝑉, 10𝑇𝑒𝑉 and 

14𝑇𝑒𝑉. Values of 𝑀𝑅 = 10
15𝐺𝑒𝑉 and 𝑡𝑎𝑛𝛽 = 68 are 

taken. Higher upper bound ∑|mi|<0.23 eV an 

accommodate at wide range of parameters, ⴄ
𝑏
̅̅ ̅=(0.01-

0.6) and 𝑚𝑠=(1TeV-14TeV). 

  

Other similar work in the literature[17] emphasises the 

fact that if the Planck 2015 cosmological bound 

∑|mi|<0.23 eV [46] is taken into account, none of the 

three mixing patterns (BM, TBM, GR) can be 

identified as lepton mixing matrix below the seesaw 

threshold under radiative corrections. However, our 

present work shows the validity of the mixing pattern 

based on GR, which is consistent with the latest Planck 

2021 cosmological bound ∑|mi|<0.12 eV[23,24] for 

low SUSY breaking scale,ms=1TeV in the normal 

hierarchy. As explained before, the numerical analysis 

in the present work is carried out with specific input 

parameters viz.tanβ=68, MR =1015GeV, ms=1TeV 

and   ⴄ
𝑏

̅̅ ̅̅  =0.01. For higher values of 1𝑇𝑒𝑉 ≤ 𝑚𝑠 ≤

14𝑇𝑒𝑉 with other input parameters tanβ=68, MR 

=1015GeV and 0.01 ≤ ⴄ
𝑏
̅̅ ̅  ≤ 0.6, the validity of GR is 

still acceptable if the cosmological bound is relaxed up 

to old 2015 Planck bound, ∑|mi|<0.23 eV [46] as 

shown in Fig.2. 

 

We consider the three phase parameters - two 

Majorana phases (α1, α2) and one Dirac CP-violating 

phase (ẟ) along with one free parameter ⴄ
𝑏̅
 to 

determine the characteristics of SUSY threshold 

corrections at the matching scale. Further, the work in 

Ref.[17] establishes an important analytical correlation 

∆𝜃23 ≥ 𝜃13𝑡𝑎𝑛𝜃12
0  ,where 𝜃12

0  is the high scale input 

value, which induces a severe tension with the 

observed θ23 and leads to exclusion of both GR and 

TBM at 3σ level if the cosmological upper bound on 

the sum of the three absolute masses is taken into 

account. Although the above correlation is not 

explicitly shown in the present work, the result of our 

numerical analysis still agrees with it. However, our 

analysis shows the validity of GR under the most 

stringent latest Planck cosmological bound, ∑|mi|<0.12 

eV at high energy seesaw scale MR =1015 GeV with 

larger value of tanβ=68 whose values are beyond the 

range of inputs assigned in Ref.[17]. 

 

5 Summary and conclusion 

 

We summarise the main points of the present work 

related to the implication of the latest Planck data on 

the cosmological upper bound on the sum of the three 

absolute neutrino masses. 

 

Our numerical analysis is based on the evolution of 

RGEs of neutrino oscillation parameters and three 

phases, including the effect of scale-dependent VEV 

and SUSY threshold corrections. We have first found 

out the most suitable value of SUSY threshold 

parameter ⴄ
𝑏
̅̅ ̅ in the range from -0.6 to +0.6 [35,17], 

which is compatible with the low energy neutrino 

oscillation parameters and the most stringent 

cosmological upper bound, ∑|mi|<0.12 eV [23,24]. It 

has been observed that the negative values of ⴄ
𝑏
̅̅ ̅  are 

not feasible for large values of tanβ and MR in the 

normal hierarchical model. The best fitted value of ⴄ
𝑏
̅̅ ̅ 

that satisfies the cosmological upper bound ∑|mi| eV is 

found to be 0.01 when MR=1015 GeV, tanβ=68 and 

ms=1 TeV.  

 

The detailed numerical analysis shows that all neutrino 

mass eigenvalues as well as mixing angles are 

increased with the decrease in energy scale and it gives 

certain advantages on GR mixing matrix over the other 
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two mixing matrices such as BM and TBM  in normal 

hierarchical mass model. It is also observed that the 

other neutrino mixing patterns such as BM and TBM 

mixings, do not satisfy the above cosmological upper 

bound in both normal hierarchical and inverted 

hierarchical models. The low energy neutrino 

oscillation parameters along with the latest Planck 

cosmological upper bound on sum of three absolute 

mass eigenvalues ∑|mi|<0.12 eV can be achieved 

through radiative corrections under RGEs using GR 

neutrino mixing matrix defined at high energy seesaw 

scale for the  input values MR=1015GeV, tanβ=68,ms=1 

TeV and ⴄ
𝑏
̅̅ ̅=0.01. However, it is observed that a larger 

upper bound of ∑|mi |<0.23 eV \cite{ade2016planck} 

can accommodate at wide range of 

parameters:ⴄ
𝑏
̅̅ ̅=(0.01-0.6)and ms=(1TeV-14TeV) as 

evident from Fig.\ref{fig2}. 

 

The analysis of inverted hierarchical neutrino mass 

model shows that the model does not accommodate the 

latest cosmological upper bound but it still conforms 

with earlier 2015 Planck bound ∑|mi|<0.23 eV. Further 

analysis for TBM case [47,48], considering the effect 

of  CP violating phases and SUSY threshold 

corrections, will be reported in future communication.  

 

To conclude, the present investigation indicates the 

sensitivity of the value of ∑|mi| on the origin of 

neutrino masses and mixing angles. It is relevant in the 

context of the information related to the absolute 

neutrino masses that has been continuously updating 

with recent Planck data on the cosmological upper 

bound on the sum of three absolute neutrino masses 

∑|mi|<0.12 eV. Neutrino mass model if any, is bound 

to be consistent with these upper bounds on absolute 

neutrino masses. While the existence of 

supersymmetric particles has been continuously ruling 

out in LHC, the supersymmetric breaking scale ms still 

remains as an unknown parameter. We assume that the 

ms scale may lie somewhere in between 1 TeV and 14 

TeV within the scope of LHC, and the present work is 

thus confined to the implication of SUSY breaking 

scale. It is a continuation of our previous 

investigation\cite{wilina2022deviations,devi2022effe

cts,singh2018stability} on neutrino masses and 

mixings with varying SUSY breaking scale in the 

running of RGEs in both normal and inverted 

hierarchical neutrino mass models.  

 

The focus of the present work is the question of the 

validity of GR neutrino mixing at high energy scale, 

with the variation of ms scale and other input 

parameters tanβ, ⴄ
𝑏
̅̅ ̅ and MR scale. It has profound 

implications to apply on other aspects of RGEs 

analysis such as low energy magnification of neutrino 

mixings in quark-lepton unification hypothesis at high 

energy scale in SO(10) 

model\cite{agarwalla2007neutrino,srivastava2016pre

dictions,abdussalam2021majorana}, radiative 

generation of reactor mixing angle and solar neutrino 

mass squared difference at low scale, and the question 

of radiative stability of neutrino mass models to 

discriminate between NH and IH models. These earlier 

good results may now be readdressed for further 

analysis at low energy scale, consistent with latest 

Planck data on cosmological upper bound on the sum 

of three absolute mass eigenvalues. 
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Appendix-A 

 

The one-loop RGEs for Yukawa couplings in the 

MSSM in the range of mass scales 𝑚𝑠 ≤ 𝜇 ≤ 𝑀𝑅 

[54,33] 

 
𝑑

𝑑𝑡
ℎ𝑡 =

ℎ𝑡

16𝜋2
(6ℎ𝑡

2 + ℎ𝑏
2 − ∑ 𝑐𝑖

3
𝑖=1 𝑔𝑖

2)   (A.1) 

 
𝑑

𝑑𝑡
ℎ𝑏 =

ℎ𝑏

16𝜋2
(6ℎ𝑏

2 + ℎ𝜏
2 + ℎ𝑡

2 − ∑ 𝑐𝑖
′3

𝑖=1 𝑔𝑖
2) (A.2) 

 
𝑑

𝑑𝑡
ℎ𝜏 =

ℎ𝜏

16𝜋2
(4ℎ𝜏

2 + 3ℎ𝑏
2 −∑ 𝑐𝑖

"3
𝑖=1 𝑔𝑖

2)    (A.3) 

 

 

where, for SUSY case, 

 

𝑐𝑖 = (
13

15
, 3,

16

3
), 𝑐𝑖

′ = (
7

15
, 3,

16

3
), 𝑐𝑖

′′ = (
9

5
, 3,0) 

 

The Yukawa RGEs, for non-SUSY(SM) in the range 

of mass scales 𝑚𝑡 ≤ 𝜇 ≤ 𝑚𝑠 
 
𝑑

𝑑𝑡
ℎ𝑡 =

ℎ𝑡

16𝜋2
(
9

2
ℎ𝑡
2 +

3

2
ℎ𝑏
2 + ℎ𝜏

2 −∑ 𝑐𝑖
3
𝑖=1 𝑔𝑖

2)   (A.4) 

𝑑

𝑑𝑡
ℎ𝑏 =

ℎ𝑏

16𝜋2
(
9

2
ℎ𝑏
2 + ℎ𝜏

2 +
3

2
ℎ𝑡
2 − ∑ 𝑐𝑖

′3
𝑖=1 𝑔𝑖

2)  (A.5) 

 
𝑑

𝑑𝑡
ℎ𝜏 =

ℎ𝜏

16𝜋2
(
5

2
ℎ𝜏
2 + 3ℎ𝑏

2 + 3ℎ𝑡
2 −∑ 𝑐𝑖

′′3
𝑖=1 𝑔𝑖

2)   

(A.6) 

 

where, for non-SUSY(SM) cae, 

 

𝑐𝑖 = (0.85, 2.25,8.00), 𝑐𝑖
′ = (0.25, 2.25,8.00), 

𝑐𝑖
′′ = (2.25,2.25,0.0) 

 

 And one loop RGE for quartic Higgs couplings in SM 

is given by 

 
𝑑𝜆

𝑑𝑡
=

1

16𝜋2
[
9

4
(
3

25
𝑔1
4 +

2

5
𝑔1
2𝑔2

2 + 𝑔2
4) − (

9

5
𝑔1
2 +

9𝑔2
2)𝜆 − 4𝐻(𝑆) + 12𝜆2]               (A.7) 

 

 

where, 
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𝑌2(𝑆) = 3ℎ𝑡
2 + 3ℎ𝑏

2 + ℎ𝜏
2, 

 

𝐻(𝑆) = 3ℎ𝑡
4 + 3ℎ𝑏

4 + ℎ𝜏
4,      𝜆 =

𝑚ℎ
2

𝑣0
2  

 

𝑚ℎ = Higgs mass 

𝑣0 = vacuum expectation value. 

 

The two-loop RGEs for the gauge couplings are 

similarly expressed in the range of mass scales 𝑚𝑠 ≤
𝜇 ≤ 𝑀𝑅 as [33] 

 
𝑑

𝑑𝑡
𝑔𝑖 =

𝑔𝑖

16𝜋2
[𝑏𝑖𝑔𝑖

2 +
1

16𝜋2
(∑ 𝑏𝑖𝑗

3
𝑗=1 𝑔𝑖

3𝑔𝑗
2 −

∑ 𝑏𝑖𝑗𝑗=𝑡,𝑏,𝜏 𝑔𝑖
3ℎ𝑗
2)]                  (A.8) 

 

where, for SUSY case, 

 

𝑏𝑖 = (6.6, 1,−3), 𝑏𝑖𝑗 = (
7.96 5.40 17.60
1.80 25.00 24.00
2.20 9.00 14.00

) 

𝑎𝑖𝑗 = (
5.2 2.8 3.6
6.0 6.0 2.0
4.0 4.0 0.0

) 

And, for the non-SUSY(SM) in the range of mass 

scales 𝑚𝑡 ≤ 𝜇 ≤ 𝑚𝑠, 
 

𝑏𝑖 = (4.1,−3.167,−7), 

𝑏𝑖𝑗 = (
3.98 2.70 8.8
0.90 5.83 12.0
1.10 4.50 −26.0

) 

 

𝑎𝑖𝑗 = (
0.85 0.5 0.5
1.50 1.5 0.5
2.0 2.0 0.0

) 

 

 

Appendix-B 

 

The RGEs of neutrino mixing angles in terms of sine 

function and CP violating one Dirac phase and two 

Majorana phases are given by [31, 15] 

 
𝑑𝑠12

𝑑𝑡
=
𝐹𝜏𝑐12𝑠𝑖𝑛2𝜃12𝑠23

2

2(𝑚2      
2 −𝑚1

2)
[𝑚1

2 +𝑚2
2 + 2𝑚1𝑚2cos (2𝛼2 −

2𝛼1)]                            (B.1) 

 

 
𝑑𝑠23

𝑑𝑡
=
𝐹𝜏𝑐23𝑠𝑖𝑛2𝜃23

2(𝑚3
2−𝑚2

2)
[𝑐12
2 (𝑚3

2 +𝑚2
2 +

2𝑚3𝑚2𝑐𝑜𝑠2𝛼2) + 𝑠12
2 (𝑚3

2 −𝑚1
2 + 2𝑚3𝑚1𝑐𝑜𝑠2𝛼1)/

(1 + 𝑅)]                         (B.2) 

 

 
𝑑𝑠13

𝑑𝑡
= −

𝐹𝜏𝑐13𝑠𝑖𝑛2𝜃12𝑠𝑖𝑛2𝜃23𝑚3

2(𝑚3
2−𝑚1

2)
[𝑚1 cos(2𝛼1 − 𝛿) −

(1 + 𝑅)𝑚2 cos(2𝛼2 − 𝛿) − 𝑅𝑚3𝑐𝑜𝑠𝛿]     (B.3) 

 

𝑑𝛿

𝑑𝑡
= −

𝐹𝜏𝑚3𝑠𝑖𝑛2𝜃12𝑠𝑖𝑛2𝜃23

2𝜃13(𝑚3
2−𝑚1

2)
× [𝑚1 sin(2𝛼1 − 𝛿) − (1 +

𝑅)𝑚2 sin(2𝛼2 − 𝛿) + 𝑅𝑚3𝑠𝑖𝑛𝛿] −

2𝐹𝜏 [
𝑚1𝑚2𝑠23

2 sin (2𝛼1−2𝛼2)

(𝑚2
2−𝑚1

2)
+𝑚3𝑠12

2 (
𝑚1𝑐𝑜𝑠2𝜃23𝑠𝑖𝑛2𝛼1

(𝑚3
2−𝑚1

2)
+

𝑚2𝑐23
2 sin (2𝛿−2𝛼2)

(𝑚2
2−𝑚1

2)
) +𝑚3𝑐12

2 (
𝑚1𝑐23

2 sin (2𝛿−2𝛼1)

(𝑚3
2−𝑚1

2)
+

𝑚2𝑐𝑜𝑠2𝜃23𝑠𝑖𝑛2𝛼2

(𝑚3
2−𝑚2

2)
)]                     (B.4) 

𝑑𝛼1

𝑑𝑡
=

−2𝐹𝜏 [𝑚3𝑐𝑜𝑠2𝜃23
𝑚1𝑠12

2 𝑠𝑖𝑛𝛼1+(1+𝑅)𝑚2𝑐12
2 𝑠𝑖𝑛2𝛼2

𝑚3
2−𝑚1

2 +

𝑚1𝑚2𝑐12
2 𝑠23

2 sin (2𝛼1−𝛼2)

𝑚2
2−𝑚1

2 ]                (B.5) 

 

 

   
𝑑𝛼2

𝑑𝑡
=

−2𝐹𝜏 [𝑚3𝑐𝑜𝑠2𝜃23
𝑚1𝑠12

2 𝑠𝑖𝑛𝛼1+(1+𝑅)𝑚2𝑐12
2 𝑠𝑖𝑛2𝛼2

𝑚3
2−𝑚1

2 +

𝑚1𝑚2𝑠12
2 𝑠23

2 sin (2𝛼1−𝛼2)

𝑚2
2−𝑚1

2 ]                (B.6)  

 

 

 

where,  

 

𝑅 =
(𝑚2

2 −𝑚1
2)

(𝑚3
2 −𝑚2

2)
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